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Lower and Upper Bounds
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= Improvement of the lower bound
algorithm

= Automated upper bound derivation
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1/0 Upper Bounds

I/O complexity upper bound < Cost of a particular valid schedule

Untiled matrix multiplication Tiled matrix multiplication

1/O cost: O(NT)

1/O cost: O(N?)

— How to automatically compute |/O cost for a given schedule?



Upper bound derivation

Input program

Pruning algorithm

[Tiling loop permutations]

For each permutation

[Parametrically tiled program]

Polyhedral calculus

[Symbolic 1/0 cost expressions]

Parameter values

. Computer algebra
Operations resear: B &

Tile sizes CBound as a function of S)




Upper bound derivation

for (i 0; 1 < Ni; i++)

for(j = J < Nj; J++)
Input program
put prog for(k = 0; k < Nk; k++)

Clil[3]1 += A[il[k]l = B[k][]l;

Pruning algorithm

[Tiling loop permutations]

For each permutation

[Parametrically tiled program]

Polyhedral calculus

[Symbolic 1/0 cost expressions]

Parameter values

. Computer algebra
Operations resear: B &

Tile sizes CBound as a function of S)




Upper bound derivation

Input program

for (i 0; 1 < Ni; i++)
for(j = j < Nj; J++)
for(k = 0; k < Nk; k++)
Clil[3]1 += A[il[k]l = B[k][]l;

Pruning algorithm

CTiIing loop permutations)

£, k), (i ko g)s (ko i i)}

For each permutation

[Parametrically tiled program]

Polyhedral calculus

[Symbolic 1/0 cost expressions]

Parameter values
Operations resear:

Tile sizes

Computer algebra

CBound as a function of S)




Upper bound derivation

Input program

Pruning algorithm

, (i ko J), (ko g, i)}

[Tiling loop permutations]

For each permutation

for(il = 0; il < Ni; il+=Ti)
for(jl = 0; j1 < Nj; J1+=T3j)
- . for (k 0; k < Nk; k++)
CParametrlcaIIy tiled program) i e T
for(j = jli Jj < JI4T3; J++)
C[i][3) += A[i])[k] = B[k][]];

Polyhedral calculus

[Symbolic 1/0 cost expressions]

Parameter values

. Computer algebra
Operations resear: B &

Tile sizes CBound as a function of S)




Upper bound derivation

for (i 0; 1 < Ni; i++)
for(j = 0; j < Nj; j++)
In rogram
(Input program) for(k = 0; k < Nk; k++)
Clil[3]1 += A[il[k]l = B[k][]l;

Pruning algorithm

[Tiling loop permutations]

For each permutation

[Parametrically tiled program]

Polyhedral calculus

CSymbolic 1/0 cost expressions)

Parameter values
Operations resear:

Computer algebra

Tile sizes CBound as a function of S)

{3 ). Gk, (1}

for(il = 0; il < Ni; il+=Ti)
for(jl = 0; j1 < Nj; J1+=T3j)
for(k = 0; k < Nk; k++)
for(i = il; i < il+Ti; )
for(j = 31; 3 < JL+Ti; j++)
Cli][3] += A[i)[k] = B[k][3];
— 1 1 1
10 = NiNij (f < ?J + /\Tk)

TiTi+Ti+T;<S



Upper bound derivation

for (i 0; 1 < Ni; i++)

for(j = J < Nj; J++)
Input program
(nput program) GG o B A e

Clil[3]1 += A[il[k]l = B[k][]l;

Pruning algorithm

[Tiling loop permutations] , (i, k,j), (k,j, i)}

For each permutation

[Parametrically tiled program]

Polyhedral calculus

0= nmne (4 + 4 + 4 )
TiTi+Ti+T;<S

[Symbolic 1/0 cost expressions]

Parameter values
Operations resear:

Computer algebra

(Bound as a function of S) UB = N;N; (% + 1)

Tile sizes




Matrix multiplication 1/0 complexity
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In the paper: Analytical results on several convolutions (Yolo9000) and tensor
contractions (TCCG), with matching lower and upper bounds
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