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different from optimizing a program'’s /07
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Operations vs. 1/0
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I/0 Complexity Lower Bound Proofs



Computation model

e Computational directed acyclic graph (CDAG)

e Program = elementary computations (vertices) with data dependencies
(edges)

e 1 computation = 1 piece of data

e Sequential execution

e Multiple valid schedules

M=6
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Parameters: N, M; —
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Fast memory

capacity S
Cost model

e 2-level memory hierarchy

e cost: #transfers from slow to
ﬁast Ry (LoAps) Slow memory
e “manual” memory management unbounded

capacity

= Data movement (//0) complexity Q = minimum cost over all valid
schedules



Schedules
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Any schedule satisfying data dependencies is possible



Parameters: N, M;
Input: A[N], C[M]; Output: A[N];
for (t=0; t<M; t++)
for (i=0; i<N; i++)
A[i] = A[i] * C[t];

e In-set of a subgraph P: set of predecessors of P outside P

e Upper bound on the size of P with In (P) < 25 < /O lower bound



Geometric reasoning

- |Pl<A-B
e
8 Parameters: N, M;
Le Input: A[N], C[M]; Output: A[N];
g‘. for (t=0; t<M; t++)
= for (i=0; i<N; i++)
A[i] = A[i] » C[t];
e o o o
|proj, (P)| = B

e Natural embedding in a geometric space

e Regular dependencies: In-set size bounded by projection cardinality

Each projection of P is of cardinality < 2S5 = |P| < (25)°.
= Q> [NM/4S?| - S~ WM.
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Geometric reasoning

3 Pl<4.B
1. Parameters: N, M;
Lo Input: A[N], C[M]; Output: A[N];
= for (t=0; t<M; t++)
é. for (i=0; i<N; i++)
A[i] = A[i] = C[t];
e o o

[ )
|proj, (P)| = B

e Natural embedding in a geometric space

e Regular dependencies: In-set size bounded by projection cardinality

Each projection of P is of cardinality < 2S5 = |P| < (25)°.
= Q> [NM/4S?| - S~ WM.

= Generalizes to arbitrary dimensions (Discrete Brascamp-Lieb inequality [2])
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Towards Automation




Compact representation for affine programs

e Data-flow graph (DFG): compact parametric representation of the CDAG

for affine programs

for (t=0; t<T; t++)
for (i=1; 1i<N-1; i++) {
Sl: A[i] = A[i-1] + A[i] + A[i+1];
823 A[i] »= C[il;

€4
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Compact representation for affine programs

e Data-flow graph (DFG): compact parametric representation of the CDAG
for affine programs

for (t=0; t<T; t++)
for (i=1; i<N-1; i++) {
Sl: A[i] = A[i-1] + A[i] + A[i+1];
52: A[i] == C[i];

YN A
le WY WY WY
la WY WY WY,
AU AU S A
AR AV AV 4
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DFG and Polyhedral Compilation Tools

Da=[N] = {Ali]: 1<i<N-1}

Dc=[N]—={Cli]: 1<i<N-1}

Ds, = [T,N] = {Si[t,i]: 0<t<T A 1<i<N-1}
|Ds,| = T(N=-2)

Node domains

Re, = [N] = {Ali] = S1[0,i —1]: 2<i<N-1}

Re, = [N] = {Ali] = Si[0,i]: 1<i<N-1}

Re; = [T,N] = {C[i] > S[t,i]: 0<t<T A 1<i<N-1}

Re, = [T,N] = {S1[t,i] = Si[t,i+1]: 0<t<T A 1<i<N-2}

Res = [T, N] — {S1[t,i] = So[t,i]: 0<t<T A 1<i<N-1}

Reg = [T,N] = {S2[t,i] = Si[t+1,i—1]: 0<t<T—-1 A 2<i<N-1}
Re; = [T,N] = {S2[t,i] = S1[t+1,i]: 0<t<T—-1 A 1<i<N-1}

Edge relations

e ISL (Integer Set Library) representation
e computations = points in a multi-dimensional lattice

e memory dependencies = vectors

Captures geometric regularity
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Overview of Our Work




Overall framework

Input C program
delimited SCoP

Parameter instances

DFG

statements/input arrays
data flow dependencies

nodes =

edges =

Loop parameterization

[Loop—parametrized DFGs]

1/0 Analysis

Set of /0 complexities
tuples (Q, D)
Q: multivariate polynomial
D: interference domain

Interference graph
nodes: candidate complexity
edges: if two complexities
cannot be summed

Final I/0 complexity
Sum of compatible complexities
Highest bound for given instance

=Es
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Results




Results on PolyBench/C

kernel # input data # ops Qrow Olmanua1< 01 <Olyp ratio Published Ol
2mm N; N + NicN; 2(NiN; Ny 2(N; N; Ny VS§<ol< Vs 1 -
+N;N; + N; N +N;N;N;) +NiN;N;) /S
3mm N; N + NicN; 2(NiN; Ny + N;NiNp || 2(N;:N;Ni + N:N; N, VS<01< V5 1 -
+N; Ny + NNy +N;N;Ny) +N;NiNm) /'S
cholesky N2 N ING/VS V5< 01 <25 2 8V'S [1]
correlation MN M2N IMPN/VS V5< 01<2Vs 2 =
covariance MN M2N IMN/VS V5< 01 <25 2 =
doitgen NpNgN;, + N2 2N NG N, 2N3NG N, /V/S Vs<oI< Vs 1 -
fdtd-2d 3NN, + T 11NN, T 325NNy T/VS U3V/5< 01<2v3VS 36 -
floyd-warshall N2 203 2N3 /S VS< 01< V5 1 85 [1]
gemm N;N; + N; Ny + N;Nie 2N; N Nie 2N;N; Ny /V/S VS§< o< Vs 1 VS [4]
heat-3d N3 30N T 3YNT/VS 5V/5< 01<40- 2235 | 16-22/3 =
Jjacobi-1d N 6NT INT/S 35< 01<24S 16 485 [3]
jacobi-2d N2 10N> T %ﬁNQ T/VS 2V/5< 01 <15V3V5 12v3 40v2VS [3]
lu N? L IN?/VS VS<o0I< Vs 1 8V5 [1]
ludemp N2 N ING/VS Vs<or< Vs 1 8V/S [1]
seidel-2d N? N’ T SNT/VS 9V5< 01 <235 6v3 -
symm M2 +2MN 2M2N 2M?N/V'S V5<oI< Vs 1 85 [1]
syr2k IN? 4+ 2MN 2MN? MN?/\/S V5< 01<2Vs 2 8V/5 [1]
syrk N2+ MN MN? Lmn? /s VS5< 01 <2VS 2 8v5[1]
trmm im? + MN M>N M?N/V'S VS<oI< Vs 1 8V/S [1]
atax MN 4MN MN 4<O0I< 4 1 -
bicg MN 4MN MN 4<0I< 4 1 -
deriche HW 32HW HW 2<o01<32 6 -
gemver N? 10N? N2 5< 01 <10 2 -
gesummv 2N? 4N? 2N? 2<01<2 1 -
mvt N? an? N? 4<0I< 4 1 -
trisolv in? N2 N2 2< 01<2 1 -
adi N 30N°T N°T 5< 01 <30 6 -
durbin N 2N? N 2<or<s 6 -
gramschmidt MN 2MN? MN?/\/S 1< 01 <2VS 25 -
nussinov N2 N IN/VS 1< 01 <2V 2Vs -
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Results on PolyBench/C

kernel # input data # ops Qrow Olmanua1< 01 <Olyp ratio Published Ol,p
2mm N; N + NicN; 2(NiN; Ny 2(N; N; Ny VS<ol< Vs 1 -
+N;N; + N; N +N;N;N;) +NiN;N;) /S
3mm N; N + NicN; 2(NiN; Ny + N;NiN || 2(N:N; Ny + N:N; N V5< 01< VS 1 -
+NiNim + NNy +N;N;Ny) +N;NiNw)/V/S
cholesky N2 N ING/VS V5< 01<2V5 2 8V'S [1]
correlation MN M2N IMPN/VS V5< 01<2Vs 2 =
covariance MN M2N IMN/VS V5< 01 <25 2
doitgen NpNgN; + N2 2N NG N, 2N3NGN, /V/S Vs<oI< Vs 1
fdtd-2d 3NN, + T 11NN, T 325NNy T/VS U3V/5< 01<2V3VS 36 -
floyd-warshall N? 203 2N3 /S V5< 01< V5 1 8V5[1]
gemm N;N; + N; Ny + N; Ny 2N; N Nie 2N;N; Ny /V/S Vs§<or< Vs 1 VS [4]
heat-3d N3 30N T 3YNT/VS 5V/5< 01<40- 2235 | 16-22/3 =
Jjacobi-1d N 6NT INT/S 35< 01<24S 16 48S [3]
jacobi-2d N2 10N> T %ﬁNQ T/VS 2V/5< 01 <15V3V5 12v3 40v2VS [3]
lu N? N IN°/VS VS5< 01< V5 1 8v/5 [1]
ludemp N2 N IN*/VS Vs<or< Vs 1 8V5 [1]
seidel-2d N? N’ T SHNT/VS 9V3< 01 <253 6v3 -
symm M2 +2MN 2M2N 2M?N/V/S V5<o0I< Vs 1 85 [1]
syr2k IN? 4+ 2MN 2MN? MN?/\/S V5< 01<2Vs 2 8V/5 [1]
syrk N2+ MN MN? Lmn? /s V5< 01 <25 2 8v5 [1]
trmm im? + MN M>N M?N/V'S VS<oI< Vs 1 8v/S [1]
atax MN 4MN MN 4<O0I< 4 1 -
bicg MN 4MN MN 4<0I< 4 1 -
deriche HW 32HW HW 2<o1<32 6
gemver N? 10N? N2 5< 01 <10 2
gesummv 2N? 4N? 2N? 2< 01<2 1
mvt N? an? N? 4<01< 4 1 -
trisolv N2 N2 N2 2< 01<2 1
adi N 30N°T N°T 5< 01 <30 6
durbin N 2N? i 2<or<s 6
gramschmidt MN 2MN? MN?/\/S 1< 01 <2V/5 25 =
nussinov N2 N IN/VS 1< 01 <2V5 2Vs
Improves or matches previously published bounds for all kernels
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Results on PolyBench/C

kernel # input data # ops Qrow Olmanua1< 01 <Olyp ratio Published Ol
2mm NiNi + NiN; 2(NiN; Ny 2(N; N; Ny V5< 01<Vs 1 =
+N;N; + N; N +N;N;N;) +NiN;N;) /S
3mm N; N + NicN; 2(NiN; Ny + N;NiN || 2(N:N; Ny + N:N; N VS< 01<VS 1 -
+N; Ny + NNy +N;N;Ny) +N;NNm)/V/S
cholesky N2 N ING/VS V5< 01 <25 2 8V'S [1]
correlation MN M2N IMPN/VS V5< 01<2Vs 2 =
covariance MN M2N IMN/VS V5< 01<2V5 2 =
doitgen NpNgN; + N2 2N NG N, 2N3NGN, /V/S VS< 01<Vs 1 -
fdtd-2d 3NN, + T 11NN, T 325NNy T/VS U3V/5< 01<2V3VS 36 -
floyd-warshall N2 203 2N3 /S V5< 01<V/S 1 8V5[1]
gemm N;N; + N; Ny + N; Ny 2N; N Nie 2N;N; Ny /V/S VS< 01<Vs 1 VS [4]
heat-3d N3 30N T 3YNT/VS 5V/5< 01<40- 2235 | 16-22/3 =
Jjacobi-1d N 6NT INT/S 35< 01<24S 16 485 [3]
jacobi-2d N2 10N> T %ﬁNQ T/VS 2V/5< 01 <15V3V5 12v3 40v2VS [3]
lu N? EL IN?/VS VS< 01<Vs 1 8V5 [1]
ludemp N2 N ING/VS VS< o1<Vs 1 85 [1]
seidel-2d N? N’ T SHNT/VS 9V5< 01 <235 6v3 -
symm M2 +2MN 2M2N 2M?N/V/S V5< 01<VsS 1 8V/S [1]
syr2k IN? 4+ 2MN 2MN? MN?/\/S V5< 01<2Vs 2 8V/5 [1]
syrk N2+ MN MN? Lmn? /s VS5< 01 <2VS 2 8v5[1]
trmm im? + MN M>N M?N/V'S VS< 01<V5 1 8V/S [1]
atax MN 4MN MN 4< 0I<a 1 -
bicg MN 4MN MN 4<01<4 1 -
deriche HW 32HW HW 2<o01<32 6 -
gemver N? 10N? N2 5< 01 <10 2 -
gesummv 2N? 4N? 2N? 2< 01 <2 1 -
mvt N? an? N? 4< 01<4 1 -
trisolv N2 N2 N2 2< 01 <2 1 -
adi N 30N°T N°T 5< 01 <30 6 -
durbin N 2N? i 2<or<s 6 -
gramschmidt MN 2MN? MN?/\/S 1< 01 <2V/S 25 -
nussinov N2 1p3 IN/VS 1< 01 <2V/S 2VS -

Tigaht bound for 14 kernels out of 30
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Conclusion

IOLB: First automatic 1/0 lower bound analysis tool

e Geometric reasoning
e Polyhedral program representation

e State-of-the-art results on a full benchmark suite

15
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for(t=0; t<M; t++) { O‘\"Qh\’. >

s = 0; v N
for(i=0; i<N; i++) c‘\uggn\ 1
S1: s += A[j]; RGN _E'O\l
for(i=0; i<N; i++) g 2 = '\/

°2 AT e (b) CDAG

b for M=4, N=4. White
(a) Code vertices correspond to

S1, gray vertices to S2.

T A
D \II \I \
may-spill set

(c) Decomposition of the CDAG
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Parameters: N;
Input: A[N]; Output: A[NI];
for (k=0; k<N;k++)
for (i=0; i<N; i++)
ALi] = f(AL[i],ALkD);

(a) C-like code

Parameters: N;
Input: A[N]; Output: Sn—1[NIJ;
for (0<k<N and 0<i<N)

if (k==i==0): Sy; = f(A[0],A[0]);
else if (k==0): Sp; = f(ALil,S00);
else if (i<=k): Sg; = f(Sk-1i, Sk-1k);
else if (i>k): Sk; = f(Sk—1i, Skk);

(b) Corresponding single assignment form

4’?
\
O—+O0—+0—+0O—>

el
—>O—+O—+0O—>0—>0
/ o
O O
o A
\ a(

(d) Decomposition into two non-interfering

(c) Corresponding CDAG for
sub-CDAGs. Sources are in gray. May-spill sets are encircled.

N=5. Input nodes A[N] are omited.
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